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abstract
During the last two decades, starting with the seminal work by Cruz, network calculus has
evolved as a new theory for the performance analysis of networked systems. In contrast
to classical queueing theory, it deals with performance bounds instead of average values
and thus has been the theoretical basis of quality of service proposals such as the IETF’s
Integrated and Differentiated Services architectures. Besides these it has, however, recently
seen many other application scenarios as, for example, wireless sensor networks, switched
Ethernets, avionic networks, Systems-on-Chip, or even to speed-up simulations, to name a
few.
In this article, we extend network calculus by adding a new versatile modeling element:
a demultiplexer. Conventionally, demultiplexing has been either neglected or assumed to
be static, i.e., fixed at the setup time of a network. This is restrictive for many potential
applications of network calculus. For example, a load balancing based on current link
loads in a network could not be modeled with conventional network calculus means.
Our demultiplexing element is based on stochastic scaling. Stochastic scaling allows one
to put probabilistic bounds on how a flow is split inside the network. Fundamental
results on network calculus with stochastic scaling are therefore derived in this work.
We illustrate the benefits of the demultiplexer in a sample application of uncertain load
balancing.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
1.1. Motivation
Network calculus is a min-plus system theory for deterministic queueing systems which builds on the calculus for
network delay in [1,2]. The important concept of a service curve was introduced in [3–7]. The service curve-based approach
facilitates the efficient analysis of tandem queues where a linear scaling of performance bounds in the number of traversed
queues is achieved as elaborated in [8] and also referred to as pay bursts only once phenomenon in [9]. A detailed treatment
of min-plus algebra and of network calculus can be found in [10,11,9], respectively.
Network calculus has found numerous applications, most prominently in the Internet’s Quality of Service proposals
IntServ and DiffServ, but also in other scenarios like wireless sensor networks [12,13], switched Ethernets [14], Systemson-Chip [15], or even to speed-up simulations [16]. Hence, besides queueing theory it has established itself as a valuable
methodology.
The basic network calculus methodology can only be applied to a tandem of nodes. So, the first analysis step usually
consists of reducing a network scenario to a single flow over a tandem of servers. This reduction depends on the knowledge
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about scheduling disciplines or worst-case assumptions on the multiplexing of flows. Conventionally, for demultiplexing it
is assumed that flows can be demultiplexed based on static information contained in the flow (e.g., specific fields in packet
headers). In fact, under this assumption demultiplexing can be neglected from a performance modeling perspective as it
incurs a fixed delay with no queueing effects. However, what if demultiplexing decisions are made dynamically based on
further characteristics as, for example, the load on outgoing links, or even in a random fashion (at least from the perspective
of an external observer)? In many applications where one may wish to use network calculus this is the case as, for example,
in any load-balancing systems or dynamic routing algorithms. In these cases conventional network calculus is restrictive
and, from a modeling perspective, needs to be extended. While it is straightforward with respect to modeling, the difficulty
in introducing a new explicit demultiplexing element into network calculus is in keeping up the attractive features with
respect to the performance bound scaling. This is the topic of this article.
In the remainder of the article, we first provide some background on deterministic and stochastic network calculus as
well as on our previous work with respect to deterministic data scaling in network calculus. Deterministic data scaling allows
to accommodate flow transformations inside the network and, thus, enables us to model traffic splitting as performed by
a demultiplexer. We show in detail how demultiplexing can be modeled even more flexibly by a stochastically generalized
form of data scaling which allows one to put probabilistic bounds on the flow splitting performed by a demultiplexer.
After that we delve into the detailed results we derived for the analysis of network calculus models involving stochastic
scaling elements. Based on these we illustrate for a simple sample application of a load-balancing scenario how improved
performance bounds can be achieved.
1.2. Related work
As demultiplexing has so far been rather neglected in network calculus, its directly related work is scarce. Interestingly,
despite this observation, Cruz in his pioneering papers [1,2] originally introduced a demultiplexer as a member of his set of
basic network calculus modeling elements. This demultiplexing element expectedly has a single input and multiple outputs,
with the outputs carrying substreams of the input stream. For the demultiplexer’s operation, it is assumed that data units
are ‘‘marked’’ with information about their output path. This assumption essentially means that demultiplexing decisions
are statically configured (e.g., at the connection set-up in a virtual circuit setting) and cannot be made dynamically as, for
example, for load-balancing purposes.
In [11], Chang introduces a network calculus modeling element called a router. The router has one data input and output
and one control input. The control input provides a functional relation between input and output data. This is very similar
to our previous work in which we introduced a wider framework of such scaling behavior in network calculus [17]. As we
will see in the course of this article, such a router or scaling element may constitute the basis for the modeling of more
flexible demultiplexing which is not statically decided. The key to real flexibility with respect to dynamic demultiplexing is
a stochastic bounding of the scaling behavior. This is neither provided in [11] nor [17] and represents an original contribution
of this article.
1.3. Contributions
In this work, we extend network calculus concepts for scenarios involving dynamic demultiplexing decisions. In
particular, we

•
•
•
•

introduce a versatile demultiplexing element,
derive fundamental results on stochastic data scaling,
show an interesting connection between deterministic and stochastic network calculus,
apply the theoretical results to analyze a load balancing network under uncertainty.

2. Preliminaries on network calculus and data scaling
In this section, we provide the necessary background on deterministic and stochastic network calculus. Furthermore, our
previous work on data scaling in network calculus is reviewed as it provides the basis for the work in this article.
2.1. Deterministic network calculus
As network calculus is built around the notion of cumulative functions for input and output flows of data, the set F of
real-valued, non-negative, and wide-sense increasing functions passing through the origin plays a major role:

F = f : R+ → R+ , ∀t ≥ s : f (t ) ≥ f (s), f (0) = 0 .





In particular, the input function F (t ) and the output function F ′ (t ), which cumulatively count the number of bits that are
input to, respectively output from, a system S , are in F .
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There are two important min-plus resp. max-plus algebraic operators:
Definition 2.1 (Min-plus and Max-plus Convolution and Deconvolution). The min-plus resp. max-plus convolution and
deconvolution of two functions f , g ∈ F are defined to be (here ∧ denotes the minimum and ∨ the maximum operator)

(f ⊗ g ) (t ) = inf {f (t − s) + g (s)} ,
0≤s≤t

(∧, + convolution)

(f ⊘ g ) (t ) = sup {f (t + u) − g (u)} , (∧, + deconvolution)
u≥0


¯
f ⊗g (t ) = sup {f (t − s) + g (s)} , (∨, + convolution)
0≤s≤t


¯ g (t ) = inf {f (t + u) − g (u)} , (∨, + deconvolution).
f⊘
u≥0

It can be shown that the triple (F , ∧, ⊗) constitutes a dioid [9]. Also, the min-plus convolution is a linear operator
on the dioid (R ∪ {+∞}, ∧, +), whereas the min-plus deconvolution is not. Similar statements can be made for max-plus
systems. These algebraic characteristics result in a number of rules that apply to those operators, many of which can be found
in [9,11].
Let us now turn to the performance characteristics of flows that can be bounded by network calculus means:
Definition 2.2 (Backlog and Virtual Delay). Assume a flow with input function F that traverses a system S resulting in the
output function F ′ . The backlog of the flow at time t is defined as
b(t ) = F (t ) − F ′ (t ).
Assuming FIFO delivery, the virtual delay for a bit input at time t is defined as



d(t ) = inf τ ≥ 0 : F (t ) ≤ F ′ (t + τ ) .
Next, the arrival and departure processes specified by input and output functions are bounded based on the central
network calculus concepts of arrival and service curves:
Definition 2.3 (Arrival Curve). Given a flow with input function F , a function α ∈ F is an arrival curve for F iff

∀t , s ≥ 0,

s ≤ t : F (t ) − F (t − s) ≤ α(s) ⇔ F = F ⊗ α.

A typical example of an arrival curve is given by an affine arrival curve γr ,b (t ) = b + rt , t > 0 and γr ,b (t ) = 0, t ≤ 0, which
corresponds to token-bucket traffic regulation.
Definition 2.4 (Service Curve). If the service provided by a system S for a given input function F results in an output function
F ′ we say that S offers a minimum resp. maximum service curve β resp. γ iff
F ′ ≥ F ⊗ β,

resp.

F′ ≤ F ⊗ γ .
A typical example of a service curve is given by a so-called rate-latency function βR,T (t ) = R(t − T ) · 1{t >T } , where 1{cond} is
1 if the condition cond is satisfied and 0 otherwise.
By using those concepts it is possible to derive tight performance bounds on backlog, delay, and output:
Theorem 2.5 (Performance Bounds). Consider a system S that offers a minimum and maximum service curve β and γ ,
respectively. Assume that a flow F traversing the system has an arrival curve α . Then we obtain the following performance bounds:
backlog: ∀t : b(t ) ≤ (α ⊘ β) (0) =: v(α, β),
delay: ∀t : d(t ) ≤ inf {t ≥ 0 : (α ⊘ β) (−t ) ≤ 0} =: h (α, β) ,
output (arrival curve α ′ for F ′ ) : α ′ = (α ⊗ γ ) ⊘ β.
One of the strongest results of network calculus is the concatenation theorem that enables us to investigate tandems of
systems as if they were single systems:
Theorem 2.6 (Concatenation Theorem for Tandem Systems). Consider a flow that traverses a tandem of systems S1 and S2 .
Assume that Si offers a minimum service curve βi resp. a maximum service curve γi to the flow. Then the concatenation of the two
systems offers a minimum service curve β1 ⊗ β2 resp. a maximum service curve γ1 ⊗ γ2 to the flow.
Using the concatenation theorem, it is ensured that an end-to-end analysis of a tandem of servers still achieves tight
performance bounds, which in general is not the case for an iterative per-node application of Theorem 2.5.
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2.2. Stochastic network calculus
In recent years, many efforts towards a stochastic network calculus have been made (see, e.g., [18–23,8,24–26]). Many
different definitions of stochastic extensions of arrival and service curves have been proposed and discussed. In particular,
providing a stochastic service curve definition that still allows a favorable concatenation has shown to be a hard problem
for some time. In this section, we simply provide the necessary definitions and basic results as they pertain to the work in
this article, without delving into deep discussions on alternative definitions. Our definitions are mainly based on [22] and
can be seen as direct generalizations of deterministic network calculus counterparts.
Definition 2.7 (Stochastic Arrival Curve). Given a flow with an input function F , a function α ϵ ∈ F is called a stochastic
arrival curve for F iff ∀t ≥ 0
P (F (t ) ≤ (F ⊗ α ϵ ) (t )) ≥ 1 − ϵ.
Note that this definition provides a sample path bound as, for example, discussed in [22], where it is also called a samplepath effective envelope.
Definition 2.8 (Stochastic Service Curve). If the service provided by a system S for a given input function F results in an
output function F ′ , we say that S offers a stochastic minimum resp. maximum service curve β ϵ resp. γ ϵ iff ∀t ≥ 0
P F ′ (t ) ≥ (F ⊗ β ϵ ) (t ) ≥ 1 − ϵ,





resp.

ϵ


P F (t ) ≤ (F ⊗ γ ) (t ) ≥ 1 − ϵ.


′

These definitions again follow [22], where they are called statistical or effective service curves. The maximum stochastic
service curve has actually not yet been introduced in stochastic network calculus, but we provide it here as it is an analogous
generalization as the stochastic minimum service curve from its deterministic counterpart. Based on these definitions,
the following stochastic performance bounds can be derived (see again [22] for the proof, where, however, the stochastic
maximum service curve is not used to improve the output bound, yet, its integration is straightforward).
Theorem 2.9 (Stochastic Performance Bounds). Consider a system S that offers a stochastic minimum and maximum service
curve β ϵβ and γ ϵγ , respectively. Assume a flow F traversing the system has an arrival curve α ϵα . Then we obtain the following
stochastic performance bounds:
backlog: ∀t : P (b(t ) ≤ v(α ϵα , β ϵβ )) ≥ 1 − ϵα − ϵβ ,
delay: ∀t : P (d(t ) ≤ h(α ϵα , β ϵβ )) ≥ 1 − ϵα − ϵβ ,
output: α ′ = (α ϵα ⊗ γ ϵγ ) ⊘ β ϵβ
with

P F ′ = F ′ ⊗ α ′ ≥ 1 − ϵα − ϵβ − ϵγ .





It should be noted that under the stochastic service curve definition being used here, the concatenation of nodes is
problematic without further assumptions. In particular, violation probabilities for concatenated service curves are timedependent and can therefore be made equal to one, which makes the guarantees of the concatenated service curve void.
Several resorts have been proposed in the literature, the most obvious being the introduction of time-scale bounds which
avoids the degeneration of the service curve guarantee for large time durations. We refer the reader to a very good discussion
on these issues in [22]. In this article, we stay with the straightforward definition of a stochastic service curve, which suffices
for our purposes at least to begin with.
2.3. Data scaling in network calculus
In this subsection, we provide the necessary definitions and results for introducing scaling elements into network calculus
models as presented in [17].
Definition 2.10 (Scaling Function). A scaling function S ∈ F assigns an amount of scaled data S (a) to an amount of data a.
As can be seen from the definition of scaling functions, they form a very general concept for taking into account
transformations in a network calculus model. Note, however, that they do not model any queueing effects—scaling is
assumed to be done infinitely fast. Queueing related effects are still modeled in the service curve element of the respective
component.
Corollary 2.11 (Inverse Scaling Functions). Given a bijective scaling function S ∈ F it follows that its inverse scaling function
S −1 is a scaling function, too.
Inverse scaling functions play a role in transforming systems into alternative systems that can be analyzed more
efficiently. More details are to follow.
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Fig. 1. Alternative systems.

Definition 2.12 (Scaling Curves). Given a scaling function S, two functions S , S ∈ F are minimum and maximum scaling
curves of S iff

¯ S,
S ≤ S⊘
S ≥ S ⊘ S.
Corollary 2.13 (Inverse Scaling Curves). Consider a bijective scaling function S and let S and S be the respective minimum and
maximum scaling curves. If S and S are bijective, a valid maximum scaling curve of the inverse scaling function S −1 is S −1 and a
valid minimum scaling curve of the inverse scaling function S −1 is S

−1

.

Theorem 2.14 (Scaled Servers—Alternative Systems). Consider the two systems in Fig. 1 and let F (t ) be the input function. System
(a) consists of a server with minimum service curve β and maximum service curve γ whose output is scaled with a scaling function
S, whereas system (b) consists of a scaling function S whose output is input to a server with minimum and maximum service curves
βS and γS , respectively. Given system (a), the lower and upper bounds of the output function of system (b), that are S (F ) ⊗ βS and
S (F ) ⊗ γS are also valid lower and upper bounds for the output function of system (a) if

βS = S (β),
where S and S are the respective scaling curves of S. Given system (b), the lower and upper bounds for the output function of
system (a), that are S (F ⊗ β) and S (F ⊗ γ ) respectively, hold also for system (b) if S is bijective and

β = S −1 (βS ),
γ = S −1 (γS ),
where S −1 and S −1 are the respective scaling curves of S −1 .
This means in effect that performance bounds for system (b) under this assumption are also valid bounds for system (a)
and vice versa, as they are derived based on the bounds of the output function. This means we can effectively move a scaling
function, e.g., in front of a service curve element as long as we transform the respective service curve using the minimum
scaling curve of the scaling element. In [17], it is also shown that bounds computed in the alternative system, i.e., after
shifting the scaling elements, remain tight. Now the utility of Corollary 2.13 becomes clear, since we can observe that it
enables us to compute scaled versions of the service curves when scaling elements are shifted over service curve elements
in the direction of the data stream (behind the service curve).
The following corollary states the effect scaling has on the arrival constraints of a traffic flow.
Corollary 2.15 (Arrival Constraints Under Scaling). Let F be an input function with arrival curve α that is fed into a scaling
function S with maximum scaling curve S. An arrival curve for the scaled output from the scaling element is given by

αS = S (α).
If S is bijective and S −1 has a maximum scaling curve S −1 , then given an arrival curve for the scaled output process αS can be
given as

α = S −1 (αS ).
3. Modeling dynamic demultiplexing
In this section, we introduce a new demultiplexing element which can accommodate for dynamic demultiplexing
decisions. The demultiplexer is based on the scaling element introduced in the previous section. The idea is to capture the
frequent uncertainty about demultiplexing decisions within the bounds of scaling functions for each of the outputs of the
demultiplexer. Sample application scenarios are provided to illustrate the versatility of the new demultiplexing element.
3.1. The demultiplexer
The demultiplexer is illustrated in Fig. 2. It is an element with one input and multiple outputs. The actual distribution of
⃗ i.e., we have for each output
the input flow over the output flows is determined according to a vector of scaling functions S,
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Fig. 2. The demultiplexer.

Fig. 3. A load balancing model.

Fig. 4. Load balancing from the perspective of subflow i.

i = 1, . . . , n that its output function Fi = Si (F ) and furthermore
F =

n
−
i =1

Fi =

n
−

Si (F ).

i=1

Hence, mathematically the demultiplexer provides the following mapping

Σ : F → F n with F → Σ (F ) = S⃗(F ).
If demultiplexing is not static, we will usually not know S⃗ explicitly, but have to work with bounds on it, the scaling
curves. In many applications, as discussed in the subsequent subsections, it is also very restrictive to assume that we can
bound the demultiplexer deterministically. While there are always deterministic scaling curves, they may become the trivial
alternatives of S i = F and S i = 0, which certainly results in a very pessimistic performance analysis. Hence, what is
required are stochastic bounds on a demultiplexer’s behavior. The required fundamental stochastic generalization of scaling
in network calculus is provided in Section 4.
3.2. Application 1: load balancing
A straightforward use of the demultiplexer is the case of load balancing over a number of servers as illustrated in Fig. 3.
Very often load balancing either makes randomized decisions, i.e., scheduling the next work unit on a server from the pool
based on a random distribution, or demultiplexing is based on some state which we can only describe stochastically. The
uncertainty about load balancing decisions may be due to data dependent switching decisions, information hiding by a
network provider, or simply because of the impracticality of obtaining all the necessary switching information. In any case,
the only sensible option to characterize the scaling of each of the outputs and thus demultiplexing is via stochastic bounds.
Examples for load-balancing systems that fall in this category are abundant (see, e.g., [27–30] for recent systems from the
networking and parallel computing domain).
In Fig. 4, we also provide a view on the load-balancing model from the perspective of subflow i. This shows, provided
that we can setup similar results to deterministic data scaling for the stochastic setting, that an end-to-end network calculus
analysis is again possible for each subflow. Note that for each subflow the whole input flow needs to be taken into account
as it drives the scaling element of the subflows (→ Si (F )).
3.3. Application 2: lossy links
A less obvious application of the demultiplexer is in networks with lossy links, a simple tandem scenario is shown in
Fig. 5. The ground symbol here means that data units are lost. Even more obviously here than in the load-balancing case,
a deterministic bound on the scaling behavior represents a mismatch and will only result in trivial scaling curves for the
outputs. In particular, a deterministic bound would mean that all data units are lost, thus not providing any non-trivial
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Fig. 5. A tandem network with lossy links.

Fig. 6. A tandem network with lossy links and retransmissions.

insight into the system’s performance. A stochastic generalization of scaling curves is inevitable for a system consisting of
lossy links.
Under the assumption that each link uses retransmissions to cater for data loss we can modify the model according to
Fig. 6.
4. Stochastic data scaling
In this section, we provide fundamental results on stochastic data scaling in network calculus. These can be seen as a
generalization of the results for deterministic scaling in [17]. As discussed, stochastic scaling constitutes the basis for our
new demultiplexing element.
We will introduce stochastic versions of minimum and maximum scaling curves. For some results, the deterministic
arguments can be easily adapted, whereas for others some care needs to be taken. As in the deterministic setting, it is
convenient and not too restrictive to assume bijectivity of scaling functions. However, we first need to define the notion of
a stochastic scaling process of which scaling functions are its realizations.
Definition 4.1 (Stochastic Scaling). A stochastic scaling element S is described as a stochastic process whose ensemble (all
possible sample paths or realizations of S ) is a set of scaling functions {S (a, ω) : ω ∈ IS }, where IS is an index set.
Next, we provide definitions for stochastically relaxed versions of maximum and minimum scaling curves.
ϵ

Definition 4.2 (Stochastic Scaling Curve). Let S be a stochastic scaling element, two functions S ϵ , S ∈ F are called stochastic
minimum and maximum scaling curves of S , respectively, iff





≥ 1 − ϵ,

ϵ
P S ≥ S ⊘ S ≥ 1 − ϵ.
¯S
P Sϵ ≤ S⊘


Here, ϵ and ϵ denote the violation probabilities for stochastic minimum and maximum scaling curves, respectively.
Note that the stochastic scaling curve properties are defined over sample paths (scaling functions) as realized by the
respective scaling process. In the context of stochastic arrival curves this has also been coined as sample-path effective
(see Section 2.2).
In the deterministic case, Corollary 2.13 provides a way to calculate scaling curves for the inverse scaling function based
on knowledge of the scaling curves for the original scaling function. We can directly transfer these results under the following
definitions:
Definition 4.3 (Bijectivity of Stochastic Scaling Elements). A stochastic scaling element S is said to be bijective if ∀ω ∈ IS the
respective scaling function S (a, ω) is bijective.
Definition 4.4 (Inverse Stochastic Scaling Element). Given a stochastic scaling
element S with

 ensemble {S (a, ω) : ω ∈ IS }
we define its inverse stochastic scaling element S −1 by the ensemble S −1 (a, ω) : ω ∈ IS . Here, it is assumed that S and
S −1 are realized together, based on the same random experiment, such that it is justified to state that S −1 ◦ S = S ◦ S −1 = id.
Now we turn to the presumably most important result, the stochastic generalization of the alternative systems theorem.
Theorem 4.5 (Stochastically Scaled Servers—Alternative Systems). Consider the two systems in Fig. 7 and let F be the input
function. System (a) consists of a server with a deterministic minimum service curve β and maximum service curve γ whose
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b
Fig. 7. Alternative systems under stochastic setting.

output is scaled by a stochastic scaling element S , for which we have stochastic minimum and maximum scaling curves S ϵ and
ϵ

S with violation probability ϵ and ϵ , respectively. System (b) consists of a stochastic scaling element S , which has stochastic
ϵ

minimum and maximum scaling curves S ϵ and S with violation probability ϵ and ϵ , and whose output is input to a server with
deterministic minimum and maximum service curves βS and γS , respectively.
(1) Given system (a) the lower and upper bounds of the output function of system (b), that are S (F ) ⊗ βS and S (F ) ⊗ γS ,
respectively, are also valid stochastic lower and upper bounds for the output function of system (a), i.e., ∀t ≥ 0:
P (S (F ′ (t )) ≥ (S (F ) ⊗ βS )(t )) ≥ 1 − ϵ,
P (S (F ′ (t )) ≤ (S (F ) ⊗ γS )(t )) ≥ 1 − ϵ,
if system (b) consists of the same stochastic scaling element as in system (a) together with service curves

βS = S ϵ (β),
ϵ

γS = S (γ ).
(2) Assume bijectivity of S . Given system (b) the lower and upper bounds of the output function of system (a), that are
S (F ⊗ β) and S (F ⊗ γ ), respectively, are also valid stochastic lower and upper bounds for system (b), i.e., ∀t ≥ 0:
P ((S (F (t )))′ ≥ (S (F ⊗ β))(t )) ≥ 1 − ϵ,
P ((S (F (t )))′ ≤ (S (F ⊗ γ ))(t )) ≥ 1 − ϵ,
if system (a) consists of the same stochastic scaling element as in system (b) together with service curves

β = S −1 ϵ (βS ),
ϵ

γ = S −1 (γS ) .
ϵ

Here S −1 ϵ and S −1 are the respective stochastic scaling curves of inverse stochastic scaling S −1 .
Proof. Some preliminary remarks: Note that a stochastic scaling curve S ϵ only bounds a subset of all possible scaling
functions from the stochastic scaling element S . Let us denote that subset by





¯ S ⊆ S.
SS ϵ applies = S (a, ω) : ω ∈ IS , S ϵ ≤ S ⊘
Note that P (SS ϵ applies ) ≥ 1 − ϵ , as well as that S ϵ is a deterministic minimum scaling curve for each scaling function
S (a, ω) ∈ SS ϵ applies .
We now start proving the first part of the theorem (going from system (a) to system (b)). We begin with the stochastic
lower bound on the output function of the composite system.
For system (a), we know from the minimum service curve property that
F ′ ≥ F ⊗ β.
Assuming that the stochastic scaling element realizes a scaling function S (a, ω) ∈ SS ϵ applies , we can deterministically
conclude that
S (F ′ (t )) ≥ S (F ⊗ β)(t )


=S


inf {F (t − s) + β(s)}

0≤s≤t

= inf {S (F (t − s) + β(s))}
0≤s≤t

= inf {S (F (t − s)) + S (F (t − s) + β(s)) − S (F (t − s))}
0≤s≤t


≥ inf S (F (t − s)) + S ϵ (β(s))
0≤s≤t


= S (F ) ⊗ S ϵ (β) (t ).
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Now consider system (b). Its output function can be bounded as follows:

(S (F (t )))′ ≥ (S (F ) ⊗ βS ) (t ).
If we let βS = S ϵ (β) in system (b), we get the same bound on the output function based on the assumption that
S (a, ω) ∈ SS ϵ applies , which holds with probability 1 − ϵ . Hence, we obtain ∀t ≥ 0:
P (S (F ′ (t )) ≥ (S (F ) ⊗ βS )(t )) ≥ 1 − ϵ.
Establishing the connection between the upper bound on the output functions of systems (a) and (b) follows as an
immediate variation.
Now for the second part of the theorem: going from system (b) to system (a). Again, we start with the lower bound on
the output function of the composite system. Similar to above, we introduce the subset of scaling functions for which their
inverse adheres to S −1 ϵ as





¯ S −1 ⊆ S .
SS −1 ϵ applies = S (a, ω) : ω ∈ IS , S −1 ϵ ≤ S −1 ⊘
For system (b), we know from the deterministic minimum service curve property that

(S (F ))′ ≥ S (F ) ⊗ βS .
Assuming that the stochastic scaling element realizes a scaling function S (a, ω) ∈ SS −1 ϵ applies , we can deterministically
conclude that (since each inverse scaling function is wide-sense increasing)
S −1 ((S (F (t )))′ ) ≥ S −1 ((S (F ) ⊗ βS ) (t ))

= S −1



inf {S (F (s)) + βS (t − s)}



0≤s≤t

S −1 (S (F (s)) + βS (t − s))

= inf



= inf



0≤s≤t

0≤s≤t



S −1 (S (F (s))) + S −1 (S (F (s)) + βS (t − s)) − S −1 (S (F (s)))





≥ inf S −1 (S (F (s))) + S −1 ϵ (βS (t − s))
0≤s≤t


= F ⊗ S −1 ϵ (βS ) (t ).
Since S ◦ S −1 = id, we can conclude from the above inequality that

(S (F (t )))′ ≥ S

F ⊗ S −1 ϵ (βS ) (t ) .







Now consider system (a). Its output function can be bounded as follows:
S (F ′ (t )) ≥ S (F ⊗ β) (t ).
If we let β = S −1 ϵ (βS ) in system (a), we get the same bound on the output function based on the assumption that
S (a, ω) ∈ SS −1 ϵ applies , which holds with probability 1 − ϵ . Hence, we obtain ∀t ≥ 0:
P (S (F (t )))′ ≥ (S (F ⊗ β))(t ) ≥ 1 − ϵ.





Establishing the connection between the upper bound on the output functions of systems (a) and (b) follows as an
immediate variation. 
As in the deterministic case this alternative system theorem allows moving the scaling elements over service curve
elements in the stochastic setting. These enable an efficient end-to-end analysis using the concatenation theorem as much
as possible.
In the following corollary, we state the effect that stochastic scaling elements have on the arrival constraints of an input
function.
Corollary 4.6 (Arrival Constraints Under Stochastic Scaling). Let F be an input function with arrival curve α that is fed into a
ϵ

stochastic scaling element S with stochastic maximum scaling curve S .
A stochastic arrival curve for the scaled output from the scaling element is given by
ϵ

αS ,ϵ = S (α),
i.e., it applies that ∀t ≥ 0:
P S (F (t )) ≤ S (F ) ⊗ αS ,ϵ (t ) ≥ 1 − ϵ.









ϵ
If S −1 has a maximum scaling curve S −1 , and given an arrival curve for the scaled output process αS , a stochastic arrival
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curve for the input can be given as
ϵ

α = S −1 (αS ),
i.e., it applies that
P (F ≤ F ⊗ α) ≥ 1 − ϵ.
Proof. From the stochastic maximum scaling curve property we have



ϵ

P S ≥S⊘S





ϵ
= P ∀a, b ≥ 0 : S (a) ≥ S (a + b) − S (b) ≥ 1 − ϵ.

Setting a = F (t ) − F (t − s) and b = F (t − s), we obtain
ϵ





P ∀t , s ≥ 0 : S (F (t ) − F (t − s)) ≥ S (F (t )) − S (F (t − s)) ≥ 1 − ϵ.
ϵ

Now using that α is an arrival curve of F and that S is wide-sense increasing, we obtain ∀t ≥ 0:



ϵ



P ∀s ≥ 0 : S (α(s)) ≥ S (F (t )) − S (F (t − s))

= P (S (F (t )) ≤ (S ⊗ αS ) (t ))
≥ 1 − ϵ,

which establishes αS as a stochastic arrival curve of the scaled output function S (F ) from the scaling element.
Now for the second part of the corollary: clearly, we have ∀t , s ≥ 0 that
F (t + s) − F (s) = S −1 (S (F (t + s))) − S −1 (S (F (s))).

(1)

From the stochastic maximum scaling curve property we know that
ϵ
P S −1 (S (F (t + s))) − S −1 (S (F (s))) ≤ S −1 (S (F (t + s)) − S (F (s))) ≥ 1 − ϵ.





ϵ

Using the arrival curve αS we are given for the scaled output, Eq. (1) and that S −1 is wide-sense increasing, we obtain ∀t ≥ 0
that



ϵ



P F (t + s) − F (s) ≤ S −1 (αS (t )) ≥ 1 − ϵ,
ϵ
which establishes α = S −1 (αS ) as a stochastic arrival curve of the input function F to the stochastic scaling element.



Note that under stochastic scaling, again, the resulting stochastic arrival curves are sample-path bounds.
5. Sample application: delay bounds under uncertain load balancing
The point of this section is to illustrate the application of the new demultiplexing element together with the results from
the previous section in the case of a load-balancing system. In particular, we assume that we have an outsider view on the
network and do not know how the switching decisions are made at each of the demultiplexing points. So, we try to find
stochastic delay bounds under uncertainty about the load balancing decisions made inside the network.
For ease of exposition, the example calculations are kept as simple as possible without loss of generality, wherever
possible. First, we compare in a simple scenario different analysis alternatives for determining delay bounds under uncertain
load-balancing based on: deterministic scaling, stochastic scaling with a node-by-node analysis, and stochastic scaling with
an end-to-end analysis. As we shall see, care needs to be taken on how to actually use the theoretical results derived in the
previous sections. In fact, we demonstrate that achieving the best possible stochastic delay bound with a given violation
probability requires us to solve a non-trivial optimization problem. For larger scenarios, solving the respective optimization
problem is outside the scope of this article, yet we provide fallback options to achieve approximate results and illustrate the
increasing benefit of using a stochastic instead of a deterministic analysis when the number of nodes grows.
5.1. Scenario and preliminaries
The network scenario we assume is depicted in Fig. 8. We have aggregate flows that enter a network at a certain ingress
point and while traversing the network are demultiplexed inside the network, thus resulting in many potential egress flows.
From the perspective of a single aggregate flow, the network looks like a tree as shown also in Fig. 8.
The demultiplexing or, more concretely, the load-balancing decisions are assumed not to be under the control of the
flow, or more concretely, the corresponding user. These decisions are either made by the provider of the network or are just
random processes, for example, depending on the contents of the data units. Formally, the demultiplexing decisions can be
modeled as the ratios Wij of the incoming traffic at node i that is forwarded to node j, where Wij are independent random
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Fig. 8. Network scenario of load-balancing.

Fig. 9. Full binary tree.

Fig. 10. Subflow from full binary tree.

variables with support [0, 1] and it applies that
j Wij = 1. The user, however, still wants to be able to compute delay
bounds for all of its sub-flows (corresponding to different egress points from the network) even under uncertainty about
the Wij , i.e., the load-balancing decisions. Different options to model uncertainty may be assumed. Here, we mostly assume
complete uncertainty. This is best modeled with a uniform distribution for Wij , i.e., Wij ∼ U (0, 1). Yet, we 
also demonstrate


∑

the case of assuming more knowledge by modeling Wij by a triangular distribution, e.g. Wij ∼ Triangle 0,

1
#children(i)

,1 .

The latter may correspond, e.g., to knowing that the provider aims to achieve an equal load distribution over all outgoing
links for the respective flow at a demultiplexing point but can only imperfectly achieve it.
For ease of exposition, but actually mostly without loss of generality, we further constrain our discussion on fully occupied
binary trees for the flow under analysis as depicted in Fig. 9. This has the nice side effect that each of the sub-flows faces the
same situation with respect to the delay analysis. Hence, it does not matter which one we pick and we can actually focus
on a scenario as depicted in Fig. 10. Furthermore, for the fully occupied binary tree it is clear that selecting all Wij = 0.5
would be optimal with respect to minimizing the worst-case delay over all sub-flows. While this selection is not under our
control (Wij are assumed to be random variables), it can still serve as an idealistic reference to assess our alternative analysis
methods below.
From now on we define the actual elements from the concrete scenario in Fig. 10. The stochastic
scaling elements are

defined as Si (a) = Wi · a = γWi ,0 , i = 1, 2 with Wi ∼ U (0, 1) (later also Wi ∼ Triangle 0, 21 , 1 ), representing the uncertain
load-balancing decisions. Under these assumptions stochastic scaling curves can be easily worked out as
Si ϵ = γϵ,0
i

Si

ϵi

= γ1−ϵi ,0 .

We show this exemplarily for the maximum scaling curve under the slightly more general assumption of a general
cumulative distribution function FWi for Wi , such that Si



P Si

ϵi

ϵi

= γF −1 (1−ϵi ),0 . We then have
Wi


ϵ
≥ Si ⊘ Si = P ∀a, b ≥ 0 : Si i (a) ≥ Si (a + b) − Si (b)


= P ∀a, b ≥ 0 : FW−i1 (1 − ϵi ) · a ≥ Wi · (a + b) − Wi · (b)


= P FW−i1 (1 − ϵi ) ≥ Wi




≥ 1 − ϵi ,
which establishes γF −1 (1−ϵ ),0 as a stochastic maximum scaling curve for Si with violation probability ϵi .
Wi

i
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For the service curves we assume that they are rate-latency functions, i.e., βi = βRi ,Ti , i = 1, 2, 3. Here, we set

 
, R3 = 4 kps and Ti = 0.01(s), i = 1, 2, 3. The arrival curve of the input flow is assumed
 kp 
to be given as a token bucket, i.e., α = γr ,b with r = 4 s and b = 0.8 (kp). For simplicity, we assumed unit packets in
R1 = 10

 kp 
s

, R2 = 7

 kp 
s

these settings.

5.2. Comparison of alternative analyses
We now compare different alternatives available for the performance analysis of the uncertain load-balancing scenario.
If nothing else is mentioned, we assume all the violation probabilities ϵi = ϵi = 0.1, i = 1, 2.
5.2.1. Idealistic analysis
In this analysis, which we provide for reference purposes, we assume that we exactly and deterministically know the
scaling functions to be S1 (F ) = S2 (F ) = 0.5F , and thus their scaling curves Si (a) = Si (a) = 0.5a, i = 1, 2. In this case, we
can invoke (trivially) Theorem 2.14 (in which direction to move the scaler does not matter here; so, assume we move them
to the front) and Corollary 2.15 to obtain a worst-case delay bound as (further applying Theorems 2.5 and 2.6)
dideal ≤ h S2 S1 (α) , S2 S1 (β1 ) ⊗ S2 (β2 ) ⊗ β3 = 110 (ms).

 









Clearly, none of the following analysis alternatives can go below this value as we now make more realistic assumptions on
the knowledge we have on demultiplexing or, more concretely, the load-balancing process. dideal serves as a target value for
the following alternatives.
5.2.2. Deterministic scaling
First, we ignore the stochastic extension of scaling we provided in this article and show what results can be achieved
based on purely deterministic scaling bounds.
Based solely on the assumption of S1 , S2 being U (0, 1), the only deterministic bounds we can put on scaling are that
S1 = S2 = 0 and S1 = S2 = id. In this case we can, in fact, ignore scaling and calculate the following worst-case delay bound
(using Theorems 2.5 and 2.6)
ddet ≤ h (α, β1 ⊗ β2 ⊗ β3 ) = 230 (ms).
Certainly, this bound is very pessimistic, because it essentially assumes that the entire traffic goes to a single egress
point in the network. Note that deterministic scaling becomes excessively pessimistic if the scenario becomes larger, i.e.,
if more nodes are involved (see Section 5.4). Thus, due to the small three node scenario assumed here, it is still relatively
competitive.
5.2.3. Stochastic scaling with node-by-node analysis
Next, we use stochastic bounds on the scaling behavior of the demultiplexers. For the purpose of illustrating its merits,
we ignore the stochastically generalized alternative system theorem, Theorem 4.5, for a moment, and perform a simple
node-by-node (nbn) analysis. In this case, we can calculate a stochastic delay bound as follows (applying Corollary 4.6 and
Theorem 2.5)



ϵ1





dstoch,nbn ≤ h(α, β1 ) + h S1 (α ⊘ β1 ), β2 + h S2

ϵ2



ϵ1



S1 (α ⊘ β1 ) ⊘ β2 , β3



≈ 398 (ms).
As we can observe, this stochastic delay bound is even worse than the deterministic ones calculated in the previous
subsection. This illustrates how important it is to invoke the concatenation theorem to provide for good end-to-end
performance bounds. Yet, this is not possible without moving the scaling elements.
5.2.4. Stochastic scaling with end-to-end analysis
Now, we use all our ‘‘weapons’’ and provide an end-to-end analysis under stochastic scaling bounds. Here, using
Theorem 4.5 and shifting scaling elements conveniently we are able to leverage again from the concatenation theorem.
We have two options, moving the scalers to the ingress or the egress of the overall system. As we will see, how we do it is
of a great importance.
Move scaling elements to ingress. For the case of moving the scaling element to the front, we obtain the following stochastic
bound on delay (applying Theorem 4.5 and Corollary 4.6 as well Theorems 2.5 and 2.6)



dstoch,e2e,ingr ≤ h S2

ϵ2



ϵ1



S1 (α) , S2 ϵ


2



S1 ϵ (β1 ) ⊗ S2 ϵ (β2 ) ⊗ β3
1



2

≈ 6510 (ms).
This is clearly very disappointing because it is far off from any sensible value. So, some things go badly wrong here: First
of all, we can improve the situation by concatenating scaling elements that are neighboring during the process of being

H. Wang et al. / Performance Evaluation 68 (2011) 201–219

213

moved. In this example, we can first move S1 such that it is right beside S2 , and we can treat them as one scaling element
realized by their concatenation S1 ◦ S2 . Of course, the scaling curves then need to be derived based on the concatenated
scaling element. In our case,

(S1 ◦ S2 )(a) = S1 (S2 (a)) = W1 · W2 · a = W2 · W1 · a = S2 (S1 (a)) = (S2 ◦ S1 )(a).
We denote the stochastic scaling curves for the concatenated stochastic scaling as S1 ◦ S2

ϵ12

and S1 ◦ S2 ϵ

12

as well as the

according violation probabilities ϵ12 and ϵ12 , respectively. As we know W1 , W2 ∼ U (0, 1), after concatenation the probability
density function of the
 random variable W1 · W2 is that of a product of two independent uniform random variables, which
can be derived as ln 1x , x ∈ (0, 1] [31]. Let ϵ12 = ϵ12 = 0.1 and we obtain as stochastic delay bound:



dstoch,e2e,ingr ≤ h S1 ◦ S2

ϵ12

(α), S1 ◦ S2 ϵ (β1 ) ⊗ S2 ϵ (β2 ) ⊗ β3
12



2

≈ 2390 (ms).
While the result is considerably better, it is still far from a sensible value, as it is ≈10 times as large as the deterministic
bound. The reason for this lies in the movement of the scaling elements to the ingress. This necessitates invoking both the
maximum and minimum scaling curves in the computation of the delay bound. Seen from a sample path perspective, it is
however clear that you cannot realize both of them together simultaneously. Since they are pretty far from each other, we
observe that while the input is scaled down only insignificantly, the servers are scaled down considerably, and thus a very
untight (useless) delay bound results. So, the next attempt is to move the scaling elements to the egress of the network.
Move scaling elements to egress. Now we move the scaling elements to the egress, behind the servers, effectively scaling them
up. We obtain (applying Theorem 4.5 and Corollary 2.13 as well Theorems 2.5 and 2.6)




(β2 ) ⊗ (S1 ◦ S2 )−1 ϵ (β3 )
ϵ1
12


 ϵ −1

 −1
1
= h α, β1 ⊗ S1
(β2 ) ⊗ (S1 ◦ S2 )ϵ12
(β3 )

dstoch,e2e,egr ≤ h α, β1 ⊗ S1

−1

≈ 148 (ms).
Hence, we eventually found the right way to exploit the stochastic scaling results. On the one hand, this computation allows
taking advantage of the pay bursts only once phenomenon due to an end-to-end analysis as well as it leverages from the
concatenation of scaling elements while being moved. On the other hand, it avoids the simultaneous usage of the maximum
and minimum service curve, which, as discussed in the previous results, in gross delay bounds in our scenario.
We are now considerably below the deterministic delay bound of 230 ms and fairly close to the idealistic delay bound
of 110 ms. If more knowledge
on

 the load-balancing decisions is provided we can obtain even better bounds. So, let us now
assume Wi ∼ Triangle 0, 12 , 1 , then moving the scaling elements to the egress and concatenating while moving we obtain:
dstoch,e2e,egr,triang ≤ 122 (ms).
As can be perceived, the latter especially constitutes a very considerable reduction and gets actually quite close to the
result from the idealistic analysis.
For the sake of completeness, the triangular p.d.f. is given as

Triangle(x|a, m, b) =






2(x − a)

(b − a)(m − a)
2(b − x)



(b − a)(b − m)

x ∈ [a, m]
x ∈ (m, b].

The p.d.f. of the product of two random variables from Triangle 0, 21 , 1 can be computed [32] as



 
 
 
1
1

16
2x
+
2x
ln
+
x
ln



2
4x



h(x) = 16(2 − 6x + 2x ln(2x) + (1 + x) ln(4x))


 
 



16 2(x − 1) + (1 + x) ln 1
x



[

1



1 1

x ∈ 0,
x∈

4

,

]

4 2


x∈

]

1
2

]
,1 .
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5.2.5. Remarks on violation probabilities
While in the previous subsections we showed how to work out different stochastic delay bounds, we suppressed, for ease
of exposition, the discussion on their violation probabilities. In fact, the calculation of the violation probabilities depends
on the way we perform the delay analysis. Clearly, deterministic and idealistic analysis involve zero violation probability
as they follow deterministic arguments. For the other cases, a simple way to obtain a violation probability is to invoke
Boole’s inequality, which is true under all stochastic assumptions. However, using special properties such as independence
or positive correlations between scaling elements we may be able to improve violation probabilities. In the following we
go through some of the analysis methods presented above and try to make use of the special stochastic assumption in our
example scenario:
Stochastic node-by-node analysis. Recall that for the stochastic node-by-node analysis, we worked out the delay bound as
ϵ1







dstoch,nbn ≤ h(α, β1 ) + h S1 (α ⊘ β1 ), β2 + h S2

ϵ2

ϵ1







S1 (α ⊘ β1 ) ⊘ β2 , β3 .

The probability for the bound to apply can be calculated as (using independence between the scaling elements)
P



S1

ϵ1



applies ∩



S1

ϵ1





applies ∩ S2

ϵ2



applies

=P



S1

ϵ1





applies ∩ S2

ϵ2



applies

≥ (1 − ϵ1 ) · (1 − ϵ2 )
= 0.81.
Thus, we obtain a violation probability of 0.19. Had we used Boole’s inequality, it would be 0.2 (apply it to the complementary
probability in the second line above).
Stochastic end-to-end analysis. As moving the scaling elements to the ingress is inferior to moving to the egress, we focus on
the calculation of the violation probability of the latter here. Recall that when moving the scaling elements to the egress and
using concatenated scaling the delay bound is determined as




(β2 ) ⊗ (S1 ◦ S2 )−1 ϵ (β3 )
ϵ1
12


 ϵ −1

−1
1
= h α, β1 ⊗ S1
(β2 ) ⊗ (S1 ◦ S2 )ϵ12
(β3 ) .

dstoch,e2e,egr ≤ h α, β1 ⊗ S1

−1

Assuming ϵ12 = 0.1 and as we know in the uniform random case that W1 · W2 ∼ ln

1

ϵ12

x

, x ∈ [0, 1], we determine

(S1 ◦ S2 ) (a) = z2 · a by
∫ z2  
1
ln
dx = 1 − ϵ12 = 0.9 ⇒ z2 ≈ 0.6.
0

x

Hence, the above delay bound holds with the following probability
P ({W1 ≤ 1 − ϵ1 } ∩ {W1 · W2 ≤ z2 }) = P (W1 ≤ 0.9) · P (W1 · W2 ≤ 0.6 | W1 ≤ 0.9)


∫
= 0.9 · 1 −
= 0.843,

0.9

0.6


1−

0.6
x







dx /0.9

where the conditional probability can be calculated as an unconditional probability for the product of a U (0, 1) with
a U (0, 0.9) random variable. Thus, the violation probability of 0.157 compares favorably against one based on Boole’s
inequality of 0.2.
5.3. Optimal delay bounds
In the previous section we derived stochastic delay bounds by fixing the violation probabilities at each of the scaling
elements, and as a result obtained some violation probabilities for the delay bounds. Presumably, the more typical problem
setting is, however, the following: given an overall violation probability, one wants to find the best stochastic delay bound
for a given system. This problem of finding optimal stochastic delay bounds is addressed in this section. The problem can
alternatively be viewed as how the violation probability should be distributed over the scaling elements or, equivalently,
which scaling curves should be used at each of the stochastic scaling elements. We treat this problem again for the scenario
of three nodes and two scaling elements, as described in the previous section and illustrated in Fig. 10. In particular, we
assume the stochastic scaling elements again as Si = γWi ,0 , with Wi ∼ U (0, 1) i = 1, 2.
As shown in the previous section it is best to move the stochastic scaling elements to the egress while making use of
their concatenation. We introduce two decision variables z1 , z2 , which govern how the maximum scaling curves at each of
ϵ1

ϵ12

the scaling elements, S1 and S1 ◦ S2 are set, i.e., S1 = γz1 ,0 and S1 ◦ S2
= γz2 ,0 .
Under these prerequisites, we can provide the general expression for the violation probability as
V (z1, z2 ) = 1 − P (W1 ≤ z1 )P (W1 W2 ≤ z2 |W1 ≤ z1 ).
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Now, if z1 ≥ z2 and with W1′ ∼ U (0, z1 ), we can calculate
P (W1 W2 ≤ z2 |W1 ≤ z1 ) = P (W1′ W2 ≤ z2 )

= 1−
=

z2

1

1−

z1

−

z1

z2

∫

z1

z2
z1


ln

z2

z2
W1′



z1

dW1′

.

Thus, we can compute the violation probability as
V (z1 , z2 ) = 1 − z2 + z2 ln



z2



z1

.

On the other hand, if z1 < z2 :
P (W1 W2 ≤ z2 |W1 ≤ z1 ) = 1,
and thus the violation probability can be computed as
V (z1 , z2 ) = 1 − z1 .
So, altogether, we obtain the general expression in z1 and z2 violation probability as
V (z1 , z2 ) =

z1 < z2


1 − z 1



1 − z2 + z2 ln

z2



z1 ≥ z2 .

z1

Next, we provide the general expression for the end-to-end delay bound:
dstoch,e2e,egr (z1 , z2 ) =

b



min R1 ,

R2
z1

, Rz23

 + T1 + T2 + T3 .

Now we can set up the optimization problem as
max. dstoch,e2e,egr (z1 , z2 )
s.t.
V (z1 , z2 ) ≤ ϵ
z1 , z2 ≤ 1.
In fact, the structure of this problem is not simple at first sight as it involves a non-linear objective function as well as nonlinear constraint. In a first step, we simplify the problem in order to better understand it by transforming it into the following
equivalent problem



max. min R1 ,

R2 R3
z1

,



z2

s.t.
V (z1 , z2 ) ≤ ϵ
0 ≤ z1 , z2 ≤ 1.
Noting that V (z1 , z2 ) is a wide-sense decreasing function in z1 and z2 , we can observe that the objective function is actually
R
R
about balancing the scaled server rates z 2 and z 3 as much as possible. So let us first assume that it is actually possible, under
R2
z1

the constraints given, that
max.

R3
z2

1

2

or, equivalently, z2 =

R3
z .
R2 1

So we can use this to reformulate our problem as

R2

z1
s.t. 
1 − z1

ϵ≥

=

1 −

z1 ≤ 1.

R3
R2

R3 > R2
z1 +

R3
R2


z1 ln

R3


R3 ≤ R2

R2

The solution to this problem can easily be found and thus also the solution to the original problem, under the assumption
that the balancing of the scaled server rates is possible, can be computed as:
R3 > R2 : z1∗ = 1 − ϵ,
R3 ≤ R2 : z1∗ =

z2∗ =

1−ϵ
R3
R2



1 − ln

R3 ∗
z1 ,
R2

  ,
R3
R2

z2∗ =

R3 ∗
z1 .
R2

(2)
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Table 1
Optimal delay bounds for some violation probabilities.
Violation probability ϵ
Optimal delay bound dstoch,e2e,egr

0.5
110

0.1
159

0.01
203

Fig. 11. N nodes subflow.

If we obtain a feasible solution, i.e., 0 ≤ z1∗ , z2∗ ≤ 1, then we are done. If, however, one of the decision variables is out of its
bounds then this indicates that the assumption of a possible balancing of the scaled server rates is, in fact, invalid. In this
case, one of the original server rates is too small to ‘‘catch up’’ with the other, even if scaled up. In this case it is best to scale
up the lower rate server as much as possible, meaning that we use deterministic scaling at the other server, e.g., if R3 < R2
then we set z1 = 1 and make z2 as small as possible. More precisely: Given that Eq. (2) only provides an infeasible solution,
the optimal solution can be computed as:
R3 < R2 : z1∗ = 1,
z2∗ = solution of 1 − z2 + z2 ln(z2 ) = ϵ,
∗
R3 > R2 : z1 = 1 − ϵ,
z2∗ = 1.
Clearly, for the first case we require a numerical solution. Nevertheless, this concludes our quest for the optimal stochastic
delay bound under a given violation probability.
For example, using the same parameter settings as in Section 5.2 and further setting ϵ = 0.157, which was the violation
probability worked out there for a delay bound of 148 ms, we now obtain for the optimal delay bound:
z1∗ = 0.946,
z2∗ = 0.541,
stoch,e2e,egr
d
= 138 (ms).
Hence, we can improve the stochastic delay bound, at the same violation probability, by 10 ms simply by choosing the
scaling curves right. For illustrative purposes, Table 1 provides some further numerical examples with different violation
probabilities and corresponding optimal delay bounds. Remarkably, the median delay bound (ϵ = 0.5) equals the delay
bound under idealistic assumptions. In fact, this is already the case at ϵ = 0.376.
5.4. Larger scenarios
In the previous sections we always worked on the small example scenario involving three nodes for the subflow under
investigation. In this section, we now provide some insight into the scaling of the delay bounds when an increasing number
of nodes is traversed by the subflow and thereby also demonstrate how to apply our results in more general settings. Still
following the assumption that the load balancing network is a fully occupied binary tree, we depict the n nodes subflow
scenario in Fig. 11. Applying the previous analyses to determine delay bounds for a subflow with n nodes, we obtain:
Idealistic:
dideal ≤ h α, β1 ⊗ 2β2 ⊗ 22 β3 ⊗ · · · ⊗ 2n−1 βn .





Deterministic:
ddet ≤ h(α, β1 ⊗ β2 ⊗ · · · ⊗ βn ).
Stochastic node-by-node:



ϵ1





ϵ n−1

dstoch,nbn ≤ h(α, β1 ) + h S 1 (α ⊘ β1 ), β2 + · · · + h S n−1



ϵ n−2

S n −2

  ϵ
 


· · · S 11 (α ⊘ β1 ) ⊘ β2 · · · ⊘ βn−1 , βn .

Stochastic end-to-end:
1. Move Stochastic Scaling to ingress
(a) nested scalings
d

stoch,e2e



 ϵ   ϵ
 
ϵ
≤ h S nn−−11 S nn−−22 · · · S 11 (α) · · · , Sn−1 ϵ
× ⊗ Sn−1 ϵ


n−1

Sn−2


ϵ n−2


· · · S2 ϵ

2



 
 
·
·
·
S1 ϵ (β1 ) · · ·
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Fig. 12. Delay bounds for scenarios from 3 to 10 nodes.

(b) concatenated scaling
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2. Move Stochastic Scaling to egress
(a) nested scalings.
As this analysis does not benefit from the concatenation of scalings, the formulations are not given here. But it is
easy to get them.
(b) concatenated scaling


dstoch,e2e ≤ h α, β1 ⊗ S1−1 (β2 ) ⊗ (S1 ◦ S2 )−1
ϵ1

ϵ12

(β3 ) ⊗ · · · ⊗ (S1 ◦ S2 ◦ · · · ◦ Sn−1 )−1 ϵ

12···n−1

(βn )

with probability
if independent ≥ (1 − ϵ 1 )(1 − ϵ12 ) · · · (1 − ϵ12···n−1 );
with Boole’s inequality ≥ 1 −

−

ϵ12···n−1 .

Since the better way to calculate stochastic delay bounds is to pay burst only once and avoid simultaneously using minimum
and maximum scaling curves, as shown in the previous sections, we lay our focus on the branch ‘‘move to egress and
concatenated scaling’’. Thus, we calculated the delay bound with this formulation for scenarios with 3 to 10 nodes and
compare the results to the idealistic and deterministic analysis. Again,
 for the service curves we assume that they are rate
latency functions, i.e., βi = βRi ,Ti , i = 1, 2, . . . , 10. Here, we set following the rule that Ri =

Ri−1
2
kp
s

− 1, i = 2, . . . , 9 :
 
, R7 = 26 kps , R8 =

, R2 = 894 s , R3 = 446 s , R4 = 222 s , R5 = 110 s , R6 = 54
s
 kp 
 kp 
,
R
=
5
, and R10 = 4 s as well as Ti = 0.01 (s), i = 1, 2, . . . , 10. The arrival curve of the input flow
9
s
s
 kp 
is assumed to be given as a token bucket, i.e., α = γr ,b with r = 4 s and b = 10 (kp). For simplicity, we again
R1 = 1790
12

 kp 

 kp 

 kp 

 kp 

 kp 

 kp 

 

assumed unit packets in these settings. Further, during this calculation we assume that all the violation probabilities are
ϵ1...i = ϵ1...i = 0.01, i = 1, . . . , 10. As above, the scaling elements are represented by straight lines through the origin with
a random slope drawn from a uniform distribution U ∼ (0, 1). Then the concatenated scaling elements slope distributions
can be calculated using the p.d.f. of the product of i independent uniform random variables [31]

  1 i−1
fW12···i (x) =

ln

x

(i − 1)!

,

x ∈ (0, 1].

The results are depicted in Fig. 12. As we can see, the deterministic analysis results in a super-linear growth of the delay
bounds when the number of nodes increases. On the other hand, the results from the stochastic end-to-end analysis always
stay near to the idealistic analysis. Calculating the probability of the stochastic end-to-end delay bound to apply using Boole’s
inequality results in: ≥0.97, ≥0.96, ≥0.95, ≥0.94, ≥0.93, ≥0.92, ≥0.91, ≥0.90, for each of the scenarios. Using independence
results in slightly higher probabilities.
6. Conclusion
Our goal in this article was to extend the scope of network calculus to scenarios involving a non-trivial demultiplexing of
data flows. To that end, we introduced a versatile demultiplexing element, which is based on stochastic data scaling. At the
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heart of the article is the development of this stochastic data scaling in the network calculus framework, trying to conserve
as much as possible the system-theoretic elegance of network calculus. With the aid of a sample application, bounding
delay in a load-balancing network under uncertainty, we illustrated the potential benefits of using our new demultiplexing
element together with the fundamental results on stochastic scaling. The application also illustrated that the new results
must be carefully applied in order to become effective. In fact, the application again raised some interesting theoretical
questions, like the computation of optimal delay bounds or best possible violation probabilities, thus opening avenues for
future research along these lines. More practically, we are also about to integrate the new demultiplexing element into our
DISCO Network Calculator toolbox [33]1 and further want to explore other interesting application scenarios.
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